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Jet-Wing Lifting-Surface Theory Using Elementary
Vortex Distributions

C. C. Shen*, M. L. Lopezt, and N. F. Wasson$
Douglas Aircraft Company, McDonnell Douglas Corporation, Long Beach, Calif.

A lifting-surface theory for jet wings based on a finite-element method—the method of elementary vortex
distribution or the EV D method—is presented. The method utilizes a set of independent but overlapped elemen-
tary horseshoe vortex distributions to represent the wing and jet sheet, and satisfies a set of mixed-type boundary
conditions on both the wing and jet sheet. The solution includes chordwise and span wise loading distributions,
from which sectional and total aerodynamic quantities (e.g., lift, pitching moment, induced drag, etc.) are
derived. In view of the finite-element approach, the method can, in general, be applied to jet wings of arbitrary
planform, camber, twist, partial-span flaps, and arbitrary trailing-edge jet-momentum distribution. The present
method also reduces to a conventional lifting-surface theory when the jet momentum is zero. An extensive com-
parison has been made of solutions derived with the EVD method with other theoretical and experimental data
for jet wings and conventional wings. Good agreement has been observed in the chordwise and span-wise
loadings as well as total aerodynamic coefficients.

Nomenclature
AR = aspect ratio (b2/S)
b = wing span length
c = chord length of a wing section
CD*cd- ~ total and sectional induced drag coefficients
Cy,cM = total and sectional jet momentum coefficient
CL>CSL = total and sectional lift coefficient
C LT>C£T = total and sectional lift coefficient due to cir-

culation (pressure) only
c5 = sectional leading-edge suction coefficient (in

^-direction)
J = jet momentum flux
p = pressure
q = magnitude of velocity
R = longitudinal radius of curvature of the jet

sheet
S = wing planform reference area
U = freestream velocity
u = .XT-component of perturbation velocity
w = downwash velocity
x,y,z = Cartesian coordinates defined for the jet-wing

problem
x - .x-distance from the leading edge in terms of a

fraction of chord
xcp = sectional center of pressure location from the

leading edge in terms of a fraction of chord
z = deflection of the jet path
x £ - .XT-coordinate of the wing leading-edge point
xt = .^-coordinate of the wing trailing-edge point
o: = angle of attack
a / o o = downwash angle or jet angle at infinity down-

stream relative to the freestream direction
]8 = deflection angle of flap or jet
F = total circulation around a jet-wing section
7 = horseshoe velocity strength
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ACp = loading (or the pressure difference) coefficient
dj = jet deflection angle relative to the slope of the

wing trailing edge
6 = jet deflection angle with respect to the

freestream direction
e = local incidence angle at a point on the wing
A c/4 = wing quarter-chord-line sweepback angle
X = wing taper ratio
p = density of freestream flow
£ 5 rj, f = Cartesian coordinates (dummies for x, y, z)

Introduction

MiNY high-lift systems developed for STOL transport
ircraft utilize the jet-flap principle; for example, the in-

ternally-ducted jet flap, the externally-blown jet flap, the up-
per surface blowing jet flap and augmentor wing. To cope
with the need for methods for the aerodynamic design and
analysis of these systems, the present method—a jet-wing lif-
ting-surface theory—is developed, which is generally ap-
plicable to jet wings of arbitrary geometry trailed by a jet
sheet of arbitrary momentum distribution. The term "jet-
wing" is used here as an abbreviation for "jet-flapped wing.'J

Past developments of analytical methods for calculating the
loading distribution of jet wings of finite aspect ratio include
those by Kuchemann,l Maskell and Spence,2 Yoler,3

Lopez,4 Das,5 Erickson and Kaskel,6 and Tokuda.7 Each of
these methods has some limitations that prevent it from being
considered suitable for application to complex jet-wing con-
figurations. The Kuchemann! method, for example, presents
only an approximate procedure for evaluating the pressure
distribution of a jet wing of nonzero thickness. Maskell and
Spence2 have formally formulated a jet-wing lifting-surf ace
theory which assumes elementary horseshoe vortices
originating from both the wing and jet sheet, but the method
employed by them to solve such a theory is similar to the
Prandtl lifting-line method. Moreover, their solution is
limited to the very special case where the spanwise loading,
chord length, and jet momentum all assume elliptical
distributions, and the jet deflection and sectional incidence
(twist) are held constant over then span. Yoler3 provided a
modified, lifting-line method which includes two vortex lines
fixed at the quarter-chord and three-quarter-chord lines of the
wing. The Maskell and Spence method was also extended by
Lopez4 for solutions of arbitrary jet wings of high aspect
ratio. A more rigorous treatment of the lifting-surface
problem was given by Das.5 A loading function technique
was adopted along with the use of certain jet-flap charac-
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teristics derived from Spence's8 two-dimensional jet-flap
solution. The boundary conditions are satisfied at only three
points in a chordwise section; namely, the quarter-chord and
three-quarter-chord points, and infinity downstream. Because
of this limitation, the method is not normally regarded as
satisfactory when there is a variation of chordwise geometry
of the wing, such as camber and flap deflections. Finally,
Erickson and Kaskel6 treat rectangular jet wings of low aspect
ratio, and Tokuda7 constructed a uniformly valid asymptotic
solution for high-aspect-ratio jet wings by using the method
of asymptotic expansions.

The present method employs a finite-element scheme,
which enables a jet wing of an arbitrary geometry with cam-
ber, partial-span flap, partial-span blowing, etc. to be con-
veniently and properly treated. This method assumes a
piecewise continuous horseshoe vortex distribution in the
chordwise direction, and appropriate singularity at the
leading edge, the flap hinge line, and the jet deflection line of
the wing. As a result of such assumption, the induced down-
wash calculated is either continuous in the chordwise direction
or possesses appropriate jump across the hinge line or the
deflection line. The continuity condition in vorticity
distribution is relaxed in the span wise direction for sim-
plifying calculations; however, this does not seem to provide a
serious drawback in the solution. An important feature of the
present method arises from the assumption of the leading
edge singularity of vorticity distribution, which enables the
leading edge suction and hence the induced drag to be deter-
mined accurately.

A brief description and some results of the present method
were first given in Ref. 4. A complete description of the
theory, its extension to the calculation of dynamic derivatives,
and the associated computer program are presented in Ref. 9.

Jet-Wing Lifting-Surface Theory
The basic aerodynamic principle of the jet flap has been

well established. The presence of the thin jet sheet behind the
wing greatly affects the pressure distribution around it and
normally results in an increase in lift that may be several times
greater than that possible with the wing alone. The shape of
the jet sheet, which determines these changes, is in itself a fun-
ction not only of magnitude and distribution of jet momen-
tum but also of the configuration of the wing. In view of this
strong and inseparable interaction, any analysis of a jet wing
inherently requires that the wing and jet be treated as an in-
tegrated system, from which the pressure distribution on the
wing and the shape of the jet sheet are solved simultaneously.

The distinction between the jet-wing problem and the con-
ventional wing problem naturally lies in the jet sheet. In the
case of the jet-wing problem, a dynamic boundary condition
must be satisfied on the jet sheet in addition to a kinematic
boundary condition required to be satisfied on the wing.
These two boundary conditions constitute the so-called mixed
type boundary-value problem, which is considerably difficult
to solve. Another difficulty arises because of the infinite ex-
tent of the jet sheet. The boundary region, instead of being the
usual finite size, becomes semi-infinitely large. Despite these
difficulties, a theoretical model based on the lifting-surface
concept has been sufficiently well established in the past, and
limited solutions have been derived by several authors. This
theoretical model, as first prescribed by Maskell and Spence,2

is illustrated in Fig. 1.
Analogous to the classical thin-wing theory, it is assumed

that the thickness of the jet sheet, in addition to that of the
wing, is zero. The jet-sheet, on the other hand, possesses a
finite momentum flux and can sustain a discontinuity of
pressure. In other words, the calculation is based on the mean
camber surface of the wing and the mean location of the jet
sheet. A restriction is also imposed that no transverse tran-
sport of momentum takes place within the jet sheet, so that
the jet flow can be considered to lie in stream wise planes. The
momentum flux is considered constant along the jet in each
stream wise plane.

r- —WING —————I r-———WING ————j—-————~' "— JET —— --—

Fig. l Theoretical model of jet wing.

Assume an incompressible, inviscid flow of freestream
velocity U past the jet-wing system as shown in Fig. 1. First
consider the dynamic boundary condition on the jet, which
gives the pressure jump p 2 —p / across the jet in terms of the
jet momentum flux J(y) and the radius of curvature R of the
jet path; that is,

P2~Pi=J/R (1)
This relation may be viewed as a balance of the pressure

and centrifugal forces acting on an element of the jet. On
using the Bernoulli equation, Eq. (1) may also be written in
terms of the velocity jump as follows:

(2)

where q / and q2 signify the magnitudes of the total velocity
on the upper and lower surfaces of the jet, respectively, and p
denotes the density of the external flow.

The dynamic boundary condition above is nonlinear in
nature. To render the solution more tractable the present jet-
wing problem is linearized. As in classical lifting surface
theory, all angular deflections are taken to be small. The
boundary conditions are satisfied at the displaced locations;
in this case, the projection of the jet wing onto the z = 0 plane
passing through the apex of the wing.

In accordance with this linear approximation, the kinematic
boundary condition on the wing is a familiar one; that is,

w/U=e (3)

where w designates the downwash velocity and e the local in-
cidence or slope of the wing. Likewise, the kinematic boun-
dary condition on the jet may be written as

w/U=-dz/dx (4)

where z(x,y) represents the deflection of the jet path.
When the jet path is shallow, the curvature \/R may be ap-

proximated by d2z/dx2, which, on account of Eq. (4), can be
written as

l/R~d2z/dx2=-(l/U)dw/3x (5)

With this approximation and q2—q2
2—2U(u] — u2), the

dynamic boundary condition, Eq. (2), is conveniently reduced
to the following linearized form:

(6)
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in which C M is the sectional jet momentum coefficient defined
as follows:

(7)

where c denotes the local chord length. A total jet momentum
coefficient C j is also defined as follows:

£ _ _ (8)

where b represents the wing span length and S the wing
reference area.

In a lifting problem, the Kutta condition must also be im-
posed. On unblown sections of the wing, naturally, the Kutta
condition must be satisfied at the trailing edge of the wing. On
blown sections where the jet sheet acts like an extension of the
wing, the Kutta condition must be satisfied at infinity down-
stream on the jet sheet. Since the Kutta condition requires the
velocity to be finite, it may be expressed as

(9)

in the present linearized sense.
Furthermore, the jet path can have a specified angular

deflection at the wing trailing edge. If this jet angle with
respect to the freestream direction is 6, the streamline con-
dition on this initial point of the jet, again in the linearized
sense, requires that

w/U=d (10)

The linear jet-wing problem as described above may be
solved by using a distribution of singularities. As in classical
lifiting-surface theory, infinitesimal horseshoe vortices are
adopted. They are assumed to originate from the wing and
also from the jet sheet. The horseshoe vorticity strength 7 is,
of course, related to the velocity jump across the vortex sheet
as follows:

(U)

Based on the horseshoe-vortex representation, all the
equations pertinent to the jet-wing problem may be written in
terms of 7. These equations are summarized below in their
normalized forms (7 and w are normalized with respect to U,
all lengths with respect to the wing semi-span b/2. All the nor-
malized variables will retain their original symbols):

w(x,y) = e(x,y) (z = 0, wing boundary)

dw(x,y) 2

(12)

dx

w(x,y) = 0(y) [x=x + (y), where

= °> Jet boundary)

y(x,y) = (x^ oc 9 where
(x=xr(y), where

(14)

(15)

In the above the — and + signs on xt indicate the points on
the wing and jet sides, respectively, of the wing trailing edge.
The downwash w is considered to be induced by the horseshoe
vortices only, with the downwash-vorticity relation being
given by the following well-known equation:

w(x,y),y)=— —— %
4ir J -/ -

S x( or

XhnF
(16)

where

The upper limit of the ^-integral is either xt (77) or «>, depen-
ding on whether or not c / x ( r y ) = 0. The cross sign on the r/-
integral indicates that the principle value is to be taken.

Equations (12-16) constitute the formulation of the jet-wing
lifting-surface theory. They are to be solved simultaneously
for the vorticity strength y(x,y), following which all
aerodynamic characteristics are derived in terms of 7.

Methods of Elementary Vortex Distribution
Finite-Element Concepts

In view of the complexity that the geometry of a modern
wing may involve, and in order to allow flexibility in
distributing the jet, the solution of the jet-wing theory
necessarily resorts to a finite-element approach. In general, a
finite-element method approximates the jet-wing boundary by
a large but finite number of small elements. Over these
elements, a set of independent vortex distributions or discrete
vortices of unknown magnitudes is presented. The result of
the combined distributions is to give the theoretical
distribution of vorticity over the jet-wing boundary. The
boundary conditions, instead of being satisfied continuously
over the boundary, are required to be satisfied at only one
point of each element.

In dealing with conventional wings, several finite-element
schemes have been developed with varying degrees of success.
In the vortex lattice method, for example, a discrete
horseshoe vortex, with its bound vortex located at the quarter-
interval line, represents the vortex distribution in each element
which can be quadrilateral in shape. An alternative approach
is the "box" method in which a constant vortex distribution is
assumed over the element. Both of these schemes possess,
however, the inherent drawback that the vortex induced
downwash is artificially singular in many places. For exam-
ple, the downwash becomes infinitely large when approaching
a discrete vortex or, in the case of a constant vortex
distribution, at the junction of two neighboring elements
where a discontinuity of vorticity prevails. This behavior is
best illustrated in the two dimensional case shown in Fig. 2.
The two vortex representations and their associated down-
wash distributions are presented for a flat plate at an angle of
attack. The resulting downwash curves are seen to depart
radically from the theoretical value of unity except at one or
two places in each element. This explains the reason why the
solution by either of the above two methods requires the
careful selection of the location of the control point in each
element where the boundary condition is to be satisfied. A
more in-depth evaluation of finite-element schemes is
discussed in Ref. 10.

On the other-hand, if the vorticity of the flat plate is
represented by a piecewise linear and continuous distribution,
incorporating an appropriate asymptotic behavior at the
leading edge, the resulting downwash is bounded everywhere
and very close to unity. This scheme and its associated down-
wash distribution is also illustrated in Fig. 2 under the label of
the EVD model. Notice that the original piecewise
distribution can be replaced by a set of overlapped elementary
vortex distributions (EVD's). The finite-element scheme using
the EVD's will be termed the method of elementary vortex
distribution, hereafter abbreviated as the EVD method. The
EVD method does not require the control point to be selected
in any particular way. Because of this important feature, this
method has been adopted for the three-dimensional jet-wing
analysis.

Elementary Vortex Distributions

In the three-dimensional case, the jet-wing boundary (on
the z = 0 plane) is divided into chordwise strips parallel to the
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Fig. 2 Three vortex models applied to a flat-plate airfoil.
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Fig. 3 Illustration of the EVD method.

freestream, and subsequently each strip is subdivided into a
number of small rectangular elements. Figure 3 demonstrates
the procedure. The use of rectangular elements is for sim-
plifying the calculations. Although such an arrangement
might be criticized in that it cannot truly represent the plan-
form of a swept wing, the results of caluclations here shown
that the use of rectangular elements does not present a serious
restriction as long as a sufficient number of elements is used.

The jet-wing vortex distribution can now be represented by
a series of elementary vortex distributions (EVD's), each
distributed over one or two elements. The EVD's are overlap-
ped chordwise, as illustrated in Fig. 3, to produce a piecewise
linear and continuous vortex distribution (including proper

Fig. 4 Elementary vortex distributions.

singular behavior wherever necessary) in a chordwise direc-
tion. For the sake of simplifying calculation, however, the
spanwise vortex distribution is assumed piecewise constant
and hence is discontinuous. Four types of EVDs are used; they
are defined as follows (shown in Fig. 4):
1) Regular EVD

The regular EVD is associated with the majority of the
elements. It is triangular in shape and distributed over two
successive elements. In terms of local coordinates, the regular
EVD is expressed as

where 7 represents the local vortex strength at the junction of
the two elements.
2) Leading-Edge EVD

Consistent with classical lifting-surface theory, a leading-
edge EVD of square-root singular behavior is adopted for the
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leading-edge elements. It is expressed by

(18)

where 7 indicates the mean value of this EVD.
3) Hinge EVD

As is well known from linearized thin-airfoil and jet-flap
theory, the vortex distribution over a flap hinge or jet deflec-
tion line is logarithmically singular and its strength is propor-
tional directly to the angle of deflection. Therefore, over any
two elements adjacent to a deflection line, a hinge EVD will
be adopted. It consists of two parts: a regular EVD of
unknown magnitude and an additional hinge EVD of singular
nature but of known strength; that is,

The regular part 7 / has the same form as Eq. (17), while the
additional part 7 2 can be expressed as follows:

-207 IT (log

-20/ir(log l

(19)

where /? is the deflection angle of the flap or jet.
4) Infinity EVD

An important feature of the EVD method is that it is not
necessary to truncate the jet. This is achieved through the use
of a semi-infinitely long element at the downstream end of the
jet. The infinity EVD, which represents the appropriate decay
in vorticity, is associated with this element. It includes a linear
distribution from the preceding element and is expressed as

(20)

where 7 is again the local vortex strength at the junction of the
two elements, and d represents the distance from the wing
trailing edge to the junction. Incidently, this EVD contains a
finite amount of total vorticity and satisfies the Kutta con-
dition at infinity.

Downwash Influence Coefficients
It will be noted that each EVD contains only one unknown

coefficient. In general, the expression for theyth EVD can be
written as

(21)

where the second term is a known quantity representing the
additional Hinge EVD. This term vanishes when no deflection
of any kind is involved (i.e., (3j = 0).

The downwash at any point due to an EVD can be
calculated according to the downwash-vorticity relationship
similar to that given by Eqs. (16), or explicitly,

where

bu=~

(y,--n)

(J+ ——

(22)

(23)

(24)

The coefficients a ,y and b ,y are known as downwash influence
coefficients; that is, the downwash at the /-th point due to the
y'th EVD of unit magnitude (expressed by the functions gj and
hj). The integrations are performed over the element or
elements over which theyth EVD is defined.

The downwash influence coefficients for each type of EVD
have been integrated analytically. The resulting expressions
are too lengthy to include here. They are, however, presented
in Refs. 9 and 10. In the case of the leading-edge and ad-
ditional hinge EVD, the integrands are organized into a
singular and a continuous part, the latter being integrated by
the Gaussian quadrature. The downwash distribution due to
each individual EVD is itself continuous everywhere apart
from the element edges parallel to the chord.

The total downwash at the /th point is obtained from a sum-
mation of the incremental downwash due to all EVD's; that
is,

(25)

where TV is the total number of EVD's.

Boundary Conditions
The boundary conditions are now applied to the control

points, one for each element. In the EVD scheme, the control
point is chosen to locate in the mid-span of the element to
avoid encountering edge singularities; otherwise, it is totally
arbitrary with respect to the chord wise location.

The boundary conditions were given before as Eqs. (12-15).
On substitution of the downwash expression, Eq. (25), the
wing boundary condition, Eq. (12), applied at the /the control
point can be written as

aijyj = ei- on wing) (26)

To convert the jet boundary condition into a numerical
form, Eq. (13) is integrated over a small distance along the jet,
from the ( / — 1 )th to /th control point, to give

a on jet) (27)

If the integral on the right-hand side of the equation is
replaced by

(28)

the boundary condition at the /-th control point on the jet
becomes

where u (y , ) is a jet momentum quantity defined by

(29)

(30)

The values of the integration coefficients e {J and/// depend
on the choice of the control point location relative to an
element; however, they can be easily derived once the control
point is defined. References 9 and 10 include a set of ex-
pressions for these coefficients corresponding to the control
point given at the center of the element.
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A special situation arises when the control point is the
leading one on the jet just behind the trailing edge of the wing.
In this case the integration of Eq. (13) has to start from the
trailing edge (x=x,), because this equation does not apply to
the wing. Replacing x,-_/ by xt (y t;) and w,-_7 by the initial jet
angle Q(y l ) in Eq. (27) results in

(/, leading control point on jet) (31)

Because of the substitution of 6(y,-) into Eq. (31), the boun-
dary condition for the initial portion of the jet, given by Eq.
(14), has been effectively satisfied. The Kutta condition, Eq.
(15), need not be considered separately either, since it has
already been incorporated into the appropriate EVD. For
example, at the wing trailing edge of an unblown section, the
use of a regular EVD guarantees that 7 is zero there; while at
infinity on the jet, 7, as prescribed by the infinity EVD, also
vanishes.

Equations (26), (29), and (31) constitute the complete set of
equations necessary for solving the jet-wing problem. As there
are as many EVD's as there are elements, there are N
equations to be solved for TV unknowns. The unknown 7/5
largely represent the local vortex strength, while some are the
mean values.

Linear Equations
Since the equations of solution are linear in 7/5, they are

summarized below in a matrix form:

N) (32)

where the coefficient matrix A ., is

/a,-,- (/, on wing)

A ij= \a u + v & i )e u ('' leading control point on jet)

(a y — a /_ jj + v (y,- )e // (/, other control points on jet)

and the column matrix B i is

Bi =

(i, on wing)

0 C X / )

(/, leading control point on jet)

(i, other control point on jet)

The solution of these equations may be readily achieved by
using a digital computer.

Aerodynamic Characteristics
The EVD method, as outlined in the previous section,

solves for the vortex strength at a large number of discrete
points distributed over the wing and jet sheet. The singular
behavior of the vortex distribution near the leading-edge and
hinge lines is also determined through the use of the leading-
edge and hinge EVD's. In effect, the vortex distribution over
the entire jet-wing boundary is determined.

The loading, or the pressure difference across the wing and
jet sheet, can be shown to be directly proportional to the vor-

ticity strength by an applications of the Bernoulli equation
and vorticity definition. In coefficient form, the loading is

AC =2T (33)

Therefore, the loading distribution is also known over the en-
tire wing and jet sheet.

With the loading distribution known, any force and
moment quantity associated with the wing can be readily
derived by a straightforward integration of the loading
distribution over the wing. These include the sectional as well
as the total values of lift, pitching moment, induced drag, and
side force, and also the total rolling and yawing moments of
the wing. In the case of a jet wing, in addition to the con-
tribution from the pressure loading, which is sometimes ter-
med the circulation contribution, the aerodynamic forces and
moments also include a contribution from the jet reaction.
For example, the sectional lift coefficient c ^ may be expressed
as

c£=c£ r + c£;i (34)

which is a summation of a circulation term c£p and a jet reac-
tion term c^ . Compatible with the linear approach, these
terms are, respectively, given by

and

(35)

(36)

where x= (x — x ^ )/c is measured in terms of a fraction of the
local chord.

Since the present formulation is based on thin-wing theory,
there also exists a leading-edge suction force. Although a
second-order quantity compared with the lift, it must be taken
into account in the calculation of induced drag, side force,
and yawing moment. One of the advantages associated with
the EVD method is its ability to determine the leading-edge
suction directly from the EVD solution. As the leading-edge
suction is solely dependent on the square-root singular
behavior of the leading-edge vortex distribution, its value may
be determined in terms of the leading-edge EVD strength.
Based on a two-dimensional analogy, the following ex-
pression for the sectional leading-edge suction c s has been ob-
tained:

(37)

where d^ denotes the leading-edge element length, c the
chord, and 7^ the mean vortex strength of the leading-edge
EVD.

The induced drag is herewith defined as the deficiency in the
thrust recovery, or the difference between the ideal thrust
( = C M ) and actual theoretical thrust. A sectional induced drag
coefficient c d. includes three terms: a loading term c r fp, a
leading-edge suction term c9 , and a jet reaction term c d . In
other words,

cd.=cd-cs+cd (38)

where

= \&Cp(x,y)e(x)dx

62(y)

(39)

(40)

and c s has already been given by Eq. (37).
The total induced drag CD.9 but not the spanwise

distribution (sectional induced drag crf.), can also be derived
by a far-field application of the momentum theorem. This
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simply requires that the flow in the Trefftz plane be con-
sidered. From the results of such an analysis, it can be shown
that

(41).= —— } _ c ( y ) c £ ( y ) a i » ( y ) d y

where S denotes the wing reference area. The induced down-
wash angle a /00 (y) at the discontinuity slit of the jet and
trailing vortex sheet in the Trefftz plane is given by

«, o,)=-L \ +' Wd^dn
2v •>-' y-t\ (42)

where F is defined as the circulation or the total vorticity in a
section of the jet wing; that is,

r(v)= \ , y(x,y)dx
J xp (y)

(43)

Details associated with the numerical evaluation of aix (y)
are given in Refs. 9 and 10. This alternate approach provides a
cross check of the accuracy of the EVD method in its
evaluation of induced drag.

Computer Program
The EVD method has been programed for use on the IBM

360 and CDC 6600 Computers. The Mark II EVD Jet-Wing
Computer Program presented in Ref. 9, for example, includes
several geometrical input packages, downwash influence coef-
ficient calculation routines, solution of a large system of
linear equations, and calculation of various aerodynamic
forces and moments. The linear system is solved essentially by
the method of successive elimination, but with the aid of ex-
ternal memory devices to reduce the computer core storage
required. No instability in the solution has been observed
provided that the jet momentum coefficient C M is greater than
0.01.

The Mark II EVD program has a built-in capability to solve
ten geometrical cases simultaneously. This is accomplished by
allowing ten columns for the column matrix. The geometrical
cases are for a different local incidence distribution only, not
for a different planform or a different jet momentum
distribution. As the problem is linear, the solution of a par-
ticular geometrical or composite case can be considered as a
linear combination of the solutions of what are termed fun-
damental cases. Examples of fundamental cases are angle of
attack, wing camber, twist, deflection of one flap, and deflec-
tion of jet. The program is made particularly efficient by
utilizing this feature.

Results
In order to assess the validity and accuracy of the EVD

method, EVD results for various conventional wings and jet
wings have been compared with other theoretical solutions as
well as experimental data. Some of these comparisons are now
discussed.
Elliptical Jet Wings

The special case of a jet wing, with an elliptical planform
and elliptical jet momentum distribution (i.e., c^(y)
= constant), has been solved by Maskell and Spence2 using
a method based on the lifting-line principle. The EVD results
of the lift for the same configuration are compared with those
of Maskell and Spence in Fig. 5. These include two jet-wing
fundamental cases—the angle-of-attack case where the jet
emerges tangentially from the wing trailing edge, and the jet
deflection case where the jet makes an angle of deflection dj
with respect to the wing trailing edge while the angle of attack
is held at zero.

Fig. 5 Comparison of lift for an elliptical jet wing.

The EVD lift characteristics show good agreement with
Maskell and Spence's results throughout the range of the jet
momentum coefficient Cj studied. Slightly lower lift is ob-
tained with the EVD method when Cj = 0 (i.e., a conventional
wing) in the angle-of-attack case. This is consistent with the
proven fact that the lifting-line theory overpredicts the lift. It
should be noted here, that in the EVD calculations, 14 span-
wise divisions and 13 chordwise divisions on the wing and 7 on
the jet were used. Such a spacing arrangement is indicated in
Fig. 5 by "(14x13-7)." This practice of indicating the
spacing arrangements will be followed in other figures.

It is also observed from this presentation that the cir-
culation lift CL almost ceases to increase with increasing jet
momentum C j for C/s greater than 1; in other words, the jet
flap becomes less efficient as a circulation generating device
as C j is increased.

Rectangular Jet Wings

Several jet wings of rectangular planform have been studied
extensively by Das5-11'12 both theoretically and experimen-
tally. Das' wind tunnel tests were performed with a half-span
model incorporating an end plate which can be shifted along
the span to give effective aspect ratios of 2.75 , 3.5, and 4.5,
corresponding to the geometrical aspect ratio of 3,4, and 5,
respectively. The model had a chord length of 0.2m and
utilized a NACA 0012 airfoil section. It was tested in an open
jet wind tunnel with a cross-sectional diameter of 1.3m. A slot
of constant width and inclination was installed along the
trailing edge of the model to provide jet blowing. Force data
were acquired by pressure measurements at several sections of
the model.

Comparison of the EVD solutions with Das' theoretical and
experimental data are shown in Fig. 6. In general, reasonably
good agreement has been observed in the total lift as well as in
the span wise and chordwise loading distributions. Small
discrepancies between the two theories may be attributed to
the inaccuracy of Das' theory in which several ap-
proximations have been introduced. In comparison with the
test data, the EVD method underestimates the lift slightly in
the angle-of-attack case when C} is not equal to zero. The dif-
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Fig. 6 Comparisons of aerodynamic characteristics for rectangular jet wings.
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Fig. 7 Sectional lift for a swept jet-wing.
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Fig. 8 Sectional aerodynamic characteristics for a tapered swept
wing.

ference is associated with a thickness effect which cannot be
evaluated directly with the present theory. On the other hand,
the seemingly good agreement in the jet deflection case may
well be coincidental. The lift increase due to the thickness ef-
fect in this case may have been compensated by the loss of lift
in the test because the jet deflection angle actually fell below
the 30° nominal angle over a portion of span. In fact,

discrepancies between the theory and experiment can also be
attributed to the effect of the limited size of the wind tunnel,
the questionable correction for the end-plate effect, etc.

The EVD method overestimates the lift in the case of no jet
blowing (C/ = ()). The lower experimental values are
probably caused by flow separation near the blunt trailing
edge of the model, which will not occur in the presence of the
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jet. The loss of lift due to separation, in this case, must have
exceeded the gain due to the thickness effect.

Swept Jet Wing
Das'12 has also analyzed and tested a swept jet wing with

both full-span and partial-span blowing. Again, a half-span
model equipped with an end plate was tested in an open jet
wind tunnel. The model has a constant chord of 0.2m, a half
span of 0.4m, a sweepback angle of 45°, and a NACA 0012
airfoil section. Following an end-plate correction, the model
is considered by Das to have an effective aspect ratio of only
3.5.

Figure 7 shows a comparison of the EVD results for the
spanwise circulation lift distribution with those derived from
Das' theory and experiment, including full-span, inner-span,
and outer-span blowing cases. In all cases, the EVD method
tends to underestimate the spanwise circulation lift slightly
relative to the test data. The agreement would be much closer,
had the EVD solutions been corrected for the effect of
thickness as suggested by Spence.8 For conventional wings,
the lift increase due to the thickness effect is about cancelled
by the lift loss due to the boundary-layer growth. The jet
sucks away the boundary layer, thus creating the need of
thickness correction for the jet wings. Das' theory, on the
other hand, has overestimated the lift in certain cases and
thus, would appear to violate the thickness correction prin-
ciple. It should be noted that two different spacings were used
in Das' calculations, 7 sections for the results presented in the
upper drawing of Fig. 7 and 15 sections for the lower one. The
two spacings apparently generated quite different results for
the same case of full-span blowing with Cj equal
tol .

Tapered Swept Wing

Experiments performed so far on jet wings have all
produced results of questionable validity. Thus, the degree of
accuracy of the EVD method has been difficult to establish.
Complete and accurate measurements, however, exist for con-
ventional wings, for example, the test of a tapered, sweptback
wing by Graham.13 Although the calculation of the
aerodynamic characteristics of a conventional wing is not the
principal aim of the EVD method, comparison of theory and
experiment in this case is still valuable in assuring the general
validity of the method.

The wing used in Graham's test had an aspect ratio of 8,
taper ratio of 0.45, and quarter-chord sweepback angle of
45°. The calculated and measured results of the sectional lift,
center of pressure, and induced drag are compared in Fig. 8.
Very good agreement is achieved at the lower angles of attack.

The agreement in the swept-wing results implies that the
theoretical solution is consistent with experimental data in
spite of the fact that the swept edges of the wing have been ap-
proximated by a series of stepped straight edges resulting
from the use of rectangular elements.

Conclusions
A lifting surface theory—the EVD method—for the

calculation of the aerodynamic characteristics of jet wings has
been presented. The versatility of the EVD method is such
that wings and jet wings of arbitrary planform geometry,
twist, and camber including flaps can be treated. The jet sheet
can have an arbitrary spanwise distribution of momentum
flux and initial deflection angle. Satisfactory solutions have

been obtained with only a moderate number of elements.
Hence the computer time involved is also small.

The EVD method is not limited in its application to basic
internally ducted jet-flapped wings. It has also been utilized
with some success in the evaluation of the aerodynamic
characteristics of STOL aircraft configurations which em-
ploy, for example, the externally blown jet flap and augmen-
tor or ejector jet-flap wing.4

Several extensions to the EVD method have been made,
since its conception. The aerodynamic characteristics both in
and out of ground effect can now be determined, and the
stability derivatives due to rolling, pitching, and yawing can
be evaluated.9 It should be noted that in the stability
derivative analysis a quasi-steady approach has been used.
The vortex distribution obtained from the solution of the
EVD method has also been used to calculate the location of
the jet sheet as well as the jet-wing flowfield. The extension of
the EVD method to enable the analysis of the loading of a jet-
wing-fuselage combination, the effect of compressibility, etc.,
has also been considered.
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